An electromagnetic model is proposed to compute translational motion eddy currents in a conductive plate. The eddy currents are due to the movement of the plate in a dc magnetic field created by a permanent magnet (PM) inductor. First, the magnetic field, due to the PMs, is computed in three dimensions, where the iron yokes' influence is considered because of the method of images. Then, the motional eddy currents are computed, such that the edge effects are correctly considered through an iterative procedure that uses magnetic images. The computations are very fast, and the obtained results are close to those issued from the three-dimensional finite-element method and the experiments.
I. INTRODUCTION

I
NDUCTION heating is increasingly used in various industrial applications, such as heat treatment and the assembly process. The well-known principle is based on the fact that any stationary conductor placed in a variable magnetic field is flowed by eddy currents creating Joule losses. Another induction heating process is to move the conductive plate in a static magnetic field [1] - [3] . This paper proposes an exact three-dimensional (3-D) electromagnetic model to compute heating power in the conducting plate of a novel translational motion heating device [1] .
Two-dimensional (2-D) models are widely used for the computation of induction heaters with rotating billets [2] , [3] . However, such models are not suitable for the studied heater that exhibits strong edge effects. 3-D models are then required [4] , [5] . The finite-element method (FEM) is the preferred tool of analysis in 3-D [6] , [7] . Unfortunately, the CPU time is very important.
In [1] , we have developed a 2-D analytical model to compute the heating power in the studied device. In order to consider the edge effects, a correction factor has been used. This paper proposes an exact 3-D electromagnetic model based on the magnetic images theory. Compared with the 3-D FEM, our model gives very close results. Furthermore, this model leads to important savings in the computation time.
The studied device ( Fig. 1) is composed of two permanent magnets (PMs) inductors with a quasi-Halbach magnetization arrangement. A non-magnetic conducting plate (work-piece), which must be heated, is placed between these two inductors and is subjected to a linear oscillatory motion. The geometrical parameters of the studied device are given in Table I 
A. Magnetic Flux Density
In the first stage, we calculate the magnetic field produced by each PM separately. The Amperian model is used to represent the magnets whose magnetization is noted
Each PM can be replaced by four equivalent current sheets − → J s placed on its lateral faces (Fig. 2) . In vacuum, the flux density − → B p at a distance r from an elementary surface ds is determined using the Biot-Savart law [8] 
The superposition method is then used to determine the overall solution.
To consider the boundary conditions at the interfaces between the air and the ferromagnetic yokes, the images method is used. Starting from the solution given by (2) to compute the magnetic field in air, an iterative procedure allows the consideration of the ferromagnetic yokes. As shown in Fig. 3 , the principle consists of replacing the effects of a ferromagnetic plane by equivalent magnets behind the plane (called images). The total magnetic field is then obtained by the superposition of the fields due to the source magnet and its images. This procedure is used in an iterative way to compute the magnetic field due to all PMs images [8] - [10] .
For the studied device, the use of the above procedure leads, for each PM block, to the flux density components in free air given by (3) and (4), respectively, for a magnet with normal (y-component) magnetization and for a magnet with tangential
where for a point P having the coordinates (x m , y m , z m )
where a, b, and h are the magnet dimensions, as shown in Fig. 1 . The air-gap flux density produced by all the magnet blocks of the studied device of Fig. 1 is then
where X m = x m + 2i (a + e g ) for a PM with the normal (y-component) magnetization and X m = x m + (2i + 1)(a + e g ) for a PM with the tangential (x-component) magnetization. e g is the distance between two magnets (Fig. 1) . We can distinguish four sets of PMs images. Their heights are
for y < y m , and
for y > y m , where N r and N t are the total number of PMs with the normal and tangential magnetization, respectively, − → Br n is the flux density due to normally magnetized PMs, − → Bt n is the flux density due to tangentially magnetized PMs, and n and H n represent the number and the height of the PM image, respectively.
B. Eddy Current Expressions in the Conductive Plate
To obtain a homogeneous distribution of the temperature in the plate, its velocity should be low (typically 1 m/s). Hence, the reaction field due to the induced currents in the plate can be neglected. The eddy currents in the conducting plate are then computed using
where σ is the electric conductivity of the plate
where V x (t) is the velocity of the conducting plate. From (7), the induced current density components in the conductive plate, due to one block PM placed in air, are given by (8) and (9) (−1) i+ j +k Ln(2Y + 2R)
In (8) and (9), X is given by
, where x p (t) is the plate position versus the inductors frame. It is derived from
For the actual device, the conducting plate has finite dimensions, so the normal components of the eddy current densities vanish on its lateral faces. To satisfy these boundary conditions with the concept of the images method [5] , [11] , an infinite number of images can be introduced outside the plate (x-and z-directions) (Fig. 4) . Thus, the actual eddy current density produced in a point of the plate is the superposition of the source eddy current density (infinite plate) and the eddy Fig. 5 . Induction heater prototype, measurements, and data acquisition. current densities of the images. The resulting eddy current density, − → J tot , is then written as
where n and m are the numbers of eddy current images along the x-and y-directions. The heating power P(t) dissipated by Joule effect in the conducting plate is computed by the integration of the power density in the volume of the plate
where X p , Y p , and Z p are the plate dimensions (Fig. 1) .
III. RESULTS
The results of our model have been compared with the FE simulations as well as to some measured data. The test rig of the studied induction heater is shown in Fig. 5 .
The normal and tangential air-gap flux densities' distribution in the middle of the air gap (y = y 1 + e/2) are shown in Figs. 6 and 7. The considered device has six poles and produces a 0.6 T peak value for the y-component of the air-gap flux density. The comparison with the FE and the experimental results is given in Fig. 7(a) and (b) . These figures give the y-component of the flux density in the x y plane along the x-direction and the z-direction, respectively. It can be seen that the flux density waveforms predicted by the proposed 3-D model are very close to the FE predictions and to the experiments.
Note that the number of images is theoretically infinite. However, only ten iterations are needed to converge to a stable solution. To show the importance of considering the edge effects, we have computed the current density distribution for an infinite plate length (computed without images current) and for the actual finite length plate (computed with images current). To compare the obtained results with the 3-D FE predictions, the current density waveforms are plotted along the x-and z-directions in the xz plane at y = 0. As it can be seen from Fig. 8(a) and (b) , neglecting the edge effects leads to incorrect results. Indeed, for the J x -component [ Fig. 8(a) ], the peak value is ∼3.5 A/mm 2 (our model without images), while accounting for the finite length results in a peak value of ∼6 A/mm 2 (our model with images and 3-D FE). For the J z -component [ Fig. 8(b) ], the peak values are ∼7.5 A/mm 2 (our model without images) and 5.5 A/mm 2 (our model with images and 3-D FE), respectively. Furthermore, the proposed model with images gives very similar results compared with the 3-D FE analyses.
Notice that to reach a stable solution, only four images in the z-direction and two images along the x-direction are required.
Regarding the heating power, we have compared the measured values with the computed ones, which have been obtained with the different methods in use (3-D FE, our method with and without images).
The results are shown in Fig. 9 for several peak velocity values. Again, it can be seen that neglecting the finite length effects leads to an over estimation of the heating power (about 60% difference compared with the measured value at 1 m/s). Our model (with images) gives very close results compared with the 3-D FE predictions and to the measurements (less than 5% difference). The computation time (for a given value of the velocity) is 196 s for the 3-D FEM (work station 48 Gb, 2 processors, 16 core), whereas the computing time for the proposed method is ∼50 s on a desktop PC (2 Gb, Intel core duo).
IV. CONCLUSION A 3-D electromagnetic model based on the theory of images is developed for calculating the static magnetic field distribution produced by a PM inductor and the resulting translational motion eddy currents in a conductive plate.
The results show the effectiveness of the model to properly account for finite length effects. Indeed, the obtained results are very close to those obtained from the 3-D FEM and experiments with the benefit of important reduction in the computation time. This is of great importance in any parametric or optimization study where quick and flexible models are needed.
